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Background 

My interest in how children develop arithmetic abilities began about 15 years ago when I 

became engaged in teacher training. Students often asked for a developmental scheme for the 

early arithmetic development like the one they had become acquainted with for reading 

abilities. My answer always was one of disappointment, that nobody had formulated such a 

scheme that I knew of, at least not in Swedish. This was the time when Dagmar Neuman 

presented her dissertation called “The Origin of Arithmetic Skills” (Neuman, 1987). Being a 

phenomenographic investigation it exposed different categories of uses or meanings of 

numbers that children show, and although they were logically ordered according to their 

“complexity”, they were never intended to describe an individual child’s development of 

arithmetic knowledge. What I wanted was a description of the cognitive development 

involved in learning arithmetic founded on empirical data on that development and not on 

logic. So when I in 1994 got the opportunity to do an investigation my search for a 

developmental scheme went abroad. 

 

Critique of Piaget 

Piaget’s influence on the common view of children’s development of numerical capacities has 

been immense stressing the ability of number conservation as a sign of having the necessary 

logical maturity for understanding number. One difficulty with Piaget however is that he 

founded his analysis of number competencies on the definition of number formulated by 

Russell and Frege at the end of the 19th century. This definition was set forth as a part of their 

ambition to formulate mathematics in terms of logic. It is noteworthy that although humans 

have been able to count and speak, write and think about numbers for many centuries, it was 

not until hundred years ago that someone found a logical consistent (although the class 

concept leads to paradoxes) definition for number.  A number, e.g. four, is seen as the 

equivalence class of all sets containing four elements. So the definition is built on set theory, 

formulated mainly to be informative about infinite sets where one-to-one-correspondence 
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(and not counting) plays the vital role for establishing equivalence relations. And so Piaget’s 

investigations about children’s conceptions of number are dominated by tasks that interrogate 

children’s ability for one-to-one-correspondence and for ordering different things including 

number. 

 

In the second half of the 70’s researchers began to question the findings of Piaget, or rather 

the interpretations of his findings. There were psychological research stressing the ability to 

count, research directed to the cognitive abilities that the development of numerical skills 

demand, and research into children’s problem solving strategies for simple addition and 

subtraction word problems (Geary, 1994). 

 

Much of these research efforts have been summarised in Fuson (1988), Fuson (1992b) and 

Geary (1994). Fuson have also formulated developmental schemes for different number 

competencies. These schemes have been the starting point for my research. 

 

The formulation of an analysing scheme 

Karen Fuson (1988, 1992b) have summarised much of the research on cognitive development 

in connection with number. This research on children’s thinking  

“unequivocably reveals children to be constructors of their own knowledge who 

see a given situation according to their own conceptual structures for that 

situation.” (Fuson, 1992a, p 54) 

When you analyse children’s arithmetic abilities you find that there are several abilities 

involved (Fuson, 1988). There are abilities connected to 

• Number sequence  - such as the ability to count forwards and backwards, to step count 

and to start from whatever number you wish.  

• Counting - such as being able to point at one object at a time synchronised with uttering 

the number words and being able to keep track of which objects you have counted and 

which you have not.  

• Cardinal numbers - such as the ability to break up a number into smaller numbers. 

• Solution procedures – such as the ability to count on from first or largest, to count back 

or to count up and to use known “number facts” for solving different kinds of problems. 
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Sequence structure Counting and 

conceptual units 

Cardinal conceptual 

structures 

Solution procedures 

String 

No units 

   

Unbreakable list 

Separate words; 

Start from one 

Perceptual unit items 

Single 

representation 

addend or sum 

  

Unbreakable list 

Separate words; 

Start from one 

Perceptual unit items 

Single 

representation 

addend or sum 

 Level I 

Counting All 

Breakable chain 

Separate words; 

Start anywhere 

Perceptual unit items 

Simultaneous 

representation 

addend within sum 

 Level II  

Counting on, 

first addend abbreviated 

Numerable chain 

Sequence unit 

items 

Sequence unit items 

Simultaneous 

representation 

addend within sum 

 Level III 

Counting on, with first 

or last addend 

abbreviated using a 

general keeping-track-

method 

Bidirectional chain Cardinal numbers 

Can be decomposed 

into ideal unit items 

 Level IV 

Derivations or known 

facts 

 

 

In table 1 different developmental levels are summarised. In sequence structure abilities 

develop from string (where words are not separated), to separate words, to being able to start 

anywhere, to using number words as items for your counting, and to seeing the words as both 

cardinal numbers and as parts of an ordered sequence that you can mentally move on forwards 

or backwards at your own will. When you count, the objects or items that you are able to 

Table 1. Developmental levels (adopted  and reworked from Fuson (1988) and Fuson (1992a))
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count change from concrete perceptual items like counters or fingers to more abstract items 

like the number words themselves or mental representations of perceptual items and mental 

objects like numbers. The cardinal structures presented in column three can be seen as a 

pictorial representation of the solution procedures in column four. Objects with filled contour 

represent those that are first or simultaneously attended to. 

 

As can be seen these abilities are developed in parallel and are dependent on each other. This 

interdependence is rather intricate and not always straightforward. This makes the analysis 

somewhat complicated. Another difficulty is that children not always uses their most 

sophisticated procedures for solving a task, but depending on the situation chooses to use a 

less sophisticated procedure (Fuson, 1988). The strategies children use are also strongly 

dependent on the numbers involved (Fuson, 1988; Geary, 1994). With small numbers they 

generally perform on a “higher” cognitive level than with larger numbers.  

 

Method and objectives 

My objectives with this work have been to investigate whether the schemes for cognitive 

development of numerical abilities developed in the US can be used for analysing Swedish 

children on an individual level, and to see how these abilities develop for 6 year olds during 

their time in pre-school.  

 

Data were collected in the form of video-taped interviews with 16 children, born in 1988, in 

October - November in 1994 and with the same 16 plus another child in May 1995. All the 

children participated 3 hours a day in what was called “6-årsverksamhet” ( activities for 6 

year olds). 3 days a week they co-operated with a Form 1 school class (7 year olds) in 

activities including some practical work in mathematics. Interview questions included tasks 

examining their abilities in number sequence, counting, number abstraction and problem 

solving. Data have then been analysed using different kinds of protocols to record abilities 

according to the analysing schemes presented above. 
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In order to analyse a child’s abilities we have used tasks on: 

• Sequence  
 (forwards, backwards, before, after) 

• Counting  
 (linear, circle, unordered sets) 

• Abstraction  
 (including the Guessing Game introduced by Neuman (1987)) 

• Problem solving  
(join - result unknown, separate - result unknown, join - change unknown, 
 join – beginning unknown) 

 

 

 

Preliminary results 

The tasks were created to reveal the level of development for each child. In a general sense 

our investigation shows that this is possible, but the analysis is not always an easy one. The 

solution procedure a child uses varies depending on the numbers used in the task. Another 

feature complicating the analysis is the child’s ability to keep track for small numbers without 

having to use a general keeping track procedure, i.e. their ability to subitize small numbers.  

 

Comparing the outcomes for the two interviews it is noticeable that there is only a small 

difference in individual children. Our prejudice was that the development would be more 

easily detectable. The clearest change is in the length of their number sequences, where all but 

3 children show an increase between the two interviews. Overall the length of their number 

sequence is comparable with data from the US (Fuson, 1988), with results for the autumn 

interviews fitting the Kindergarten data and results for the spring interviews fitting the Grade1 

data. 

 

What is striking however is the great span in ability between different children. This is 

consistent with Fusons findings: 

“We have been struck in all of our number work by how wide the age span is for 

correct performance on any task. There is frequently a span of as much as 1½ or 

2 years in the age at which children respond correctly to some number task.” 

(Fuson, 1988, p 416) 
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There is also consistency between the abilities. Generally speaking, if a child performs on a 

high level on e.g. solution procedure it also performs on comparable high levels on sequence, 

counting and cardinal number. However it seems as if the type of problem a child is able to 

solve and the solution procedures it uses are more consistently informative on the 

developmental level than the other abilities investigated, including the Guessing Game used 

by Neuman (1987). 

 

Discussion 

As children grow older they develop numerical abilities. This is a development that takes 

time. When we speak of development it is easy to impose some sort of one-dimensional 

image of the process. Starting from one stage, going through others, and reaching a mature, 

grown-up understanding. If you have a constructivist view you know that this is something 

you as a researcher impose on reality. This is your construction, your pattern. The interview 

data recorded on video is rich, but once you start to classify or categorise the answers these 

classifications or categorisations themselves start to become your data imposing a more 

definite image of the phenomenon you are investigating than is really there. Thus we have to 

be somewhat humble interpretating our results, cf . Mason (1998). 

 

Although the schemes presented by Fuson are an important contribution to our understanding 

of children’s development of number concepts, they are not always easy to apply. One of the 

reasons for this is children’s ability to subitize small numbers that get in the way for the use of 

what Fuson sees as more cognitively demanding procedures. A consequence of this is that  

“many children clearly function at multiple levels that vary by the size of 

numbers in addition and subtraction situations.” (Fuson, 1992a, p 97)  

Children do use different methods for solving different tasks depending on a number of 

reasons. Among these is their cognitive ability. With small numbers they can use known facts 

or a short counting on procedure, because it is effortless. With medium numbers they may use 

a counting procedure with a perceptual keeping-track-method, and with big numbers they 

perhaps do not have a method.  

 

However there appears to be a crucial step in children’s development of arithmetic abilities 

that have not been exposed well enough yet. The problem is why some children 

spontaneously come to use known facts in derivations of other number relations, while others 

do not. Instead they resort to counting procedures, where the keeping-track-methods become 
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cumbersome. Evidence for this phenomenon is given by Gray&Tall (1994). They have also  

introduced the concept of a procept to stress the double roles played by mathematical 

symbols. E.g. 3/7 can denote either a rational number or the division of two natural numbers. 

In the same way they claim that 5 can stand for the number 5 or for the result of the process of 

counting 1, 2, 3, 4, 5. In this way mathematical symbols often stands for shorthand notations 

for some process that then becomes objectified into a concept that we can speak about in its 

own right. Symbols that have this double role of denoting both a process and a concept they 

call procepts. Gray (1997) have argued that a child’s ability to see a number not only as the 

result of a process, but also as an object that can be decomposed into smaller parts, is vital for 

its possibility to find mathematics a manageable task.  

 

It is this possibility of compression of processes into new objects that can mentally be 

operated on, that lies at the heart of mathematical abstraction. As can be seen in our study, 

those who are “gifted” spontaneously seek shortcuts or patterns that they can use in solving a 

task. Here the ability to subitize is vital, but which role it plays and how it is used needs to be 

investigated further. Fuson’s (1988, 1992b) schemes for the development of solution 

strategies presupposes the development of a general keeping-track-method as a prerequisite 

for the use of derivations. We propose that there might be parallel processes going on: a child 

is engaged in establishing number relations for small numbers using processes where 

subitizing plays an important role and at the same time use counting while dealing with 

situations involving bigger numbers. The operations with smaller numbers seem to play an 

important role in the child’s development of understanding different properties of numbers 

such as the commutativity of addition. It is to our mind not clear what role the development of 

a general keeping-track-method plays for the development of what Gray (1997) calls 

proceptual understanding of number.  

 

Fennema ea (1998), investigating grade 1 to grade 3 children in the US, have found that there 

is a qualitative difference in the solution procedures that boys and girls use in problem 

solving. Boys do more derivations, while girls use more counting, generally speaking. These 

results are rather puzzling and bring in another dimension as well into why different children 

seem to do “different kinds of mathematics” in the primary school, to use an expression from 

Gray&Tall (1994). 
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Conclusions 

Developmental schemes are useful for analysing children’s arithmetic skills. But this analysis 

is often not an easy task. The development is not straightforward and one-dimensional, but 

rather consists of parallel processes of expansions and integrations, resulting in what can be 

seen as “inconsistent” behaviour. In this process counting and perceptual aids are important. 

Abstraction is dependent on “well-digested” experiences with well-known objects. For the 

small child counting experiences provide such experiences and the use of fingers can serve as 

a good concrete aid. But later on fingers also can get in the way for thinking (Gray, 1997), 

keeping your awareness on the counting procedure and keeping-track-method you use, instead 

of allowing it to operate on and notice relationships between numbers. 

 

An important issue is to learn more about why some children spontaneously use derivations 

based on a growing number of number relations, while others resort to counting procedures 

for even basic number relations. In order to do so we need to follow the growth of arithmetic 

knowledge in individuals and how this growth varies between individuals. We think an 

important contribution to the understanding of this phenomenon can be gained by longitudinal 

studies focused on the important key questions. 
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